In this work we introduce a planar restricted four-body problem where a massless particle moves under the gravitational influence due to three bodies following the eight figure choreography, and we explore some symmetric periodic orbits of this system which turns out to be non autonomous. We demonstrate that certain families of involutions are reversing symmetries of certain N -body problem. We consider a particular case of such families of reversing symmetries and we use it to study both theoretically and numerically certain type of symmetric periodic orbits of this system. The symmetric periodic orbits (initial conditions) were determined by means of solving some boundary value problems.
Introduction
The N -body problem consists in the study of the dynamics of N particles interacting through the Newton's law of gravity. Among the different type of solutions that appear in this system, the periodic orbits play a fundamental role since the system does not posses equilibrium solutions. In particular, a solution of the three-body, the eight figure solution [6, 18] gave rise to the study of a new type of solutions, the so called choreographies [22] . In a few words, a choreography is a periodic solution of the N -body problem where the bodies follow the same path with a common and constant time shift. One of the remarkable properties of the eight figure choreography is that is KAM stable, unlike other choreographies [25] . The eight figure choreography has been studied extensively in different perspectives, for instance curvature [10] , or in the sense of bifurcations and stability [11, 21] . The number of studies on choreographies has increased, up to now several choreographies are known for n > 3 bodies [14, 22] , and they have been studied in spaces of constant curvature [16, 17] , and for homogeneous potentials different from the gravitational [12] . There are still open questions [7] , for instance, if choreographies with different masses could exist [8] .
In this article, we introduce a restricted four-body problem, related with the eight figure solution. We consider the study of the motion of a massless particle in presence of three bodies which follow the eight figure choreography. After setting such a restricted four-body problem, we focus on the periodic orbits of the system. In the classical restricted circular three and four body problems there exists a first integral, the so called Jacobi constant [5, 23] , that allows the existence of monoparametric periodic solutions in the rotating frame, for a fixed value of the mass parameter. In our case the system does not have a first integral, therefore the periodic orbits are isolated, as it happens in the restricted elliptic three-body problem [3, 23] . For the study of the periodic orbits we use certain reversing symmetries of the four body problem, which are compatible with the eight figure choreography. We prove the existence of a reversing symmetry for the planar N -body problem with N = 2n + k, for what is required that each pair of the 2n bodies have equal masses, without restriction in the masses of k bodies. Later, we consider specifically the reversing symmetry for n = 1, k = 2, that will be useful for the restricted four-body problem. We compute numerically several periodic orbits by means of solving autonomous, and non-autonomous, boundary value problems.
As a matter of fact, our restricted four-body problem presents an inherent difficulty, different from those that appear in the circular and elliptic restricted three-body problems, which is that we do not have explicit formulas for the orbit of the primaries, we mean the eight figure choreography, although we know it through its initial condition. To the best of our knowledge, this restricted problem of four bodies has been not studied. We think that it could lead to the understanding of choreographies from a different point of view of those already considered.
The content of the article is the following. First, in section 2 we introduce the equations of motion of the N -body problem, and later, in Section 3 we state the definition of reversing symmetry, and a Theorem that gives sufficient conditions for the existence of periodic solutions in systems that possess reversing symmetries. In section 4 we give a proof of a reversing symmetry for the N -body problem where N = 2n + k, in such a way each pair of the 2n bodies have equal masses, and in Section 4.1 we describe a specific case related with the restricted four-body problem. In Section 5 we define the restricted four-body problem, whereas in Section 6 we establish the equations that we study in order to determine numerically periodic orbits and we show the numerical results. In Section 7 we approximate the restricted four-body problem by one of two bodies, which can be considered if the test particle is far away from the primaries, and then we finish with the conclusions of this work.
Equations of motion
Consider N particles on the plane with positive masses m i , i = 1, · · · , N interacting through the Newton's gravitational force. We denote respectively the position and velocity vectors by
We assume an inertial frame of reference with origin at the center of mass of the N bodies. The kinetic energy of the system and the gravitational potential are
where G is the universal gravitational constant, and r ij = |r i − r j | the relative distance between the particles i and j. The Lagrangian of the system is
give rise to the equations of motion
The system (2.1) can be rewritten as
2)
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the equation (2.1) can be written as a 4N -dimensional first-order system
The system (2.3), equivalent to (2.1), is not defined if at least two bodies are in the same position, i.e., when there is collision. Let
the configuration space of the system is Λ = R 2N \∆, and Ω = Λ × R 2N the phase space. We remark that the initial position and velocity vectors r i (0) ∈ Λ, v i (0) ∈ R 2N , i = 1, · · · , N , define a solution of the N -body problem, or in an equivalent way the vector u(0) ∈ Ω.
3. Reversing symmetries and periodic orbits The reversing symmetries [13, 15] have been used successfully for studying the periodic orbits of problems described by differential equations [1, 2, 11, 19, 20] . In the following we give a brief review of some useful results.
Given (2.3), we say that an involution R : Ω −→ Ω is a reversing symmetry if
holds. We denote the set of fixed points of R as Fix(R) = {u ∈ Ω | Ru = u}, and we say that these points are reversible configurations.
If R is a reversing symmetry, we say that a solution u(t) of (2.3), defined in its maximal domain, is R-symmetric if its orbit is invariant under R. We remark that an orbit is periodic and R-symmetric if and only if intersects two points of Fix(R). Moreover, if R and R are reversing symmetries then we say that a solution u(t) is (R, R)-symmetric if there exist t 0 < t 1 in such a way u(t 0 ) ∈ Fix(R) and u(t 1 ) ∈ Fix( R). In this case we also say that[t 0 , t 1 ] is the basic domain.
The next Theorem establish a main property between reversing symmetries and the periodicity of the solutions of differential equations [20, 26] .
Then u(t) is defined for all t ∈ R, and we have for all t ∈ R and all m ∈ Z that u(−t) = Ru(t),
If there exists some M ∈ N such that ( R • R) M = id, the solution is (R, R)-symmetric with period T = 2M T 0 .
Reversing symmetry Φ θ and its fixed points
In this Section we demonstrate that the transformation Φ θ , to be defined, is a reversing symmetry of the planar N -body problem with N = 2n + k, n, k, ∈ N. This reversing symmetry has the restriction that 2n bodies must have the same value in their masses at pairs, we mean m 2i = m 2i−1 for i = 1, · · · , n. There is not a restriction about the masses for the other k bodies 1) . Thereafter, we determine their fixed points. This type of fixed points was mentioned in the four body problem by Broucke [4] , for the case of four equal masses.
First, we introduce the notation. We use column vectors, including nested vectors. For instance, if x ∈ R 2m , x i ∈ R 2 , i = 1, · · · , m, then we could write
Moreover, given any transformation
Besides the usual state vectors
we also consider
With the aim of simplify the proof, we exclude two cases: k = 0, n ≥ 1, and n = 0, k ≥ 2.
In terms of (4.1), the equations of motionu = F(u) become
We also define rotation and reflection matrices in R 2 , namely
With this, we are able to define the reversing symmetry Φ θ .
is a reversing symmetry of (4.2).
Proof. First, we show that Φ θ is an involution. In accordance with this purpose, we give some properties. Given the identity I m in R m , we have for the inverse transformations
(4.5)
In a similar way, we have the commutation relations
(4.6)
By (4.4) and (4.5), it is straightforward to see
For the left hand of (4.7) we have
On the other hand, for the right side of (4.7) we have
By comparing (4.8) and (4.9), we get that Φ θ is a reversing symmetry if
is satisfied. In order to show that (4.10) holds, we rewrite the accelerations (4.3); we distinguish three cases for the possible indices 1, · · · , N : odd and even indices for 1, · · · , 2n, and 2n + 1, · · · , 2n + k.
The odd case is given by
with i = 1, · · · , n. For the even case we have
where i = 1, · · · , n. For the other case, we have for i = 1, · · · , k,
(4.13)
It is straightforward to see that a i ( q, Q), for i ∈ {1, · · · , N } fixed, is obtained from a i (q, Q) by means of using m 2j = m 2j−1 , and interchanging, inside the summations, r 2j−1 ↔ r 2j , for j = 1, . . . , n. Doing this for (4.11-4.13), we have a 2i ( q, Q) = a 2i−1 (q, Q), i = 1, · · · , n, a 2i−1 ( q, Q) = a 2i (q, Q), i = 1, · · · , n, a 2n+i ( q, Q) = a 2n+i (q, Q), i = 1, · · · , k.
(4.14)
Thus, by using (4.14) in the first equation of (4.10), we get
The demonstration for the other equation of (4.10) is similar.
Once we have demonstrated that Φ θ is a reversing symmetry, in the following we determine the fixed points of Φ θ . The equation that defines the set of fixed points of Φ θ , we mean Fix(Φ θ ), is
In the previous equation a parameter (angle) appears. It is enough to determine the fixed points for Φ 0 for characterize Φ θ since they are related by rotations, as we state in the following result.
Multiplying both sides by G α , and introducing the identity I 4N = G −α • G α at the left of u, the previous equation becomes
Taking into account the previous equation and (4.6), we obtain
According to the previous result, we can use Fix(Φ 0 ) for describing Fix(Φ θ ). In order to determine Fix(Φ 0 ), it is convenient to consider vectors (4.1). The set Fix(Φ 0 ) is conformed by the state vectors that satisfy the equation
which admits an infinite number of solutions. Considering r 2i−1 , v 2i−1 , i = 1, · · · , n, x 2n+l , v y2n+l , l = 1, · · · , k, as independent parameters, the solution of (4.15) is given by Notice that bodies with indices 2i − 1 and 2i, for i ∈ {1, · · · , n} fixed, appear at the vertices of an isosceles triangle, and its velocities are related by a reflection along the direction of the base of the triangle (y-axis). On the other hand, the bodies with index 2n + i, i ∈ {1, · · · , k}, lie along the x-axis, and their velocities are orthogonal to their positions.
Remark 1. If we permutate the indices in Φ θ for the bodies with same mass, we mean 2j ←→ 2j − 1, for j ∈ {1, · · · , n}, the new transformation is also a reversing symmetry. Something similar holds for Fix(Φ θ ).
Reversible configurations for the restricted four-body problem
In the following we present the reversible configurations that we have considered for studying specific orbits of the restricted four-body problem.
Let us consider the reversible configuration (4.16) for n = 1, k = 2. We set that the bodies 1, 2 and 3 have unitary mass, and that the fourth be infinitesimal. As we mentioned, if we permutate the bodies 1 and 2 we will obtain a reversible configuration. Nevertheless, for our restricted fourbody problem we can permutate three bodies, those with unitary mass. In our problem it is relevant to identify reversing symmetries related by a permutation, therefore from here on we add an index to the reversing symmetry described in Section 4. In our case only is useful the cyclic permutation σ : 1 → 3 → 2 → 1, so we consider three reversible configurations Fix(Φ 0,j ), j = 1, 2, 3. For reference, we write down explicitly Fix(Φ 0,1 ):
The other two reversible configurations can be defined recursively. We have for j = 2, 3 that Fix(Φ 0,j ) is Fix(Φ 0,j−1 ) subject to σ.
Restricted problem for the eight figure
Let us consider four particles in a fixed plane. Three of them, identified with indices i = 1, 2, 3, follow the eight figure choreography, and a fourth one is massless moving by the influence of the others. We choose units [6] in such a way m i = 1, i = 1, 2, 3, G = 1, T = 12T = 6.32591398, where T is the period of the choreography, and 2T the time that passes between two consecutive isosceles configurations (see Fig. 1 ). We assume that at the initial time t = 0, the particles i = 1, 2, 3, appear in the first isosceles configuration depicted in Fig. 1, that is r The vectors r i (t), v i (t), i = 1, 2, 3, are known functions (numerically) of time, T -periodic, and do not depend on the state vectors of the massless particle.
On the other hand, the motion of the fourth particle depends on the vectors r i (t), i = 1, 2, 3. The equations of motion of the fourth particle arë
It was already mentioned that one difficulty to study the equations (5.1) is that we do not have an explicit expression for the position of the primaries, which does not happen in the classic cases, for instance the circular and elliptic restricted three-body problems.
Periodic orbits in the restricted four-body problem
With the objective of determining periodic orbits, we study those orbits which pass through fixed points of two reversing symmetries, possibly different. In our case the reversible configurations Fix(Φ 0,j ), j = 1, 2, 3 (see Section 4.1) are compatible with the restricted four-body problem.
We state that at t = 0 the orbits coincides with Fix(Φ 0,1 ). Thus, the initial condition of the fourth particle matches Fix(Φ 0,1 ), we mean, it is of the form y 40 = 0, v x40 = 0, according to (4.17) (see Fig. 2 ). Now, we need that at some T 0 = 0 the orbit reaches a reversible configuration Fix(Φ 0,j ), j ∈ {1, 2, 3}. This only can happen if T 0 = 2mT , m ∈ N 0 , because these are the times where the configuration of the three bodies is compatible with the eight figure choreography. Therefore, we have to find unknowns T 0 = 2mT , m ∈ N, x 40 , v y40 ∈ R, in such a way φ T 0 (x 40 , 0, 0, v y40 ) = (x 41 , 0, 0, v y41 ), (6.1) where φ is the flow of (5.1), and x 41 , v y41 , real numbers (its specific values are irrelevant, in the sense of periodicity). According to Theorem 1, if (6.1) is satisfied then we have determined a periodic orbit since the reversible configurations Fix(Φ 0,j ), j = 1, 2, 3 are related by a cyclic permutation in the indices of the primaries. The period of the orbit is determined by the value of M , according to Theorem 1. In order to identify M we just need to see what reversing symmetries are associated to the orbit. By construction, at t = 0 the orbit coincides with Fix(Φ 0,1 ), therefore we only have three compositions for such reversing symmetries, we mean (Φ 0,j • Φ 0,1 ), j = 1, 2, 3. It is straightforward to see that
Thus, if the orbit passes through two fixed points of Φ 0,1 then M = 1, and the corresponding period becomes T = 2T 0 . On the other hand, if the orbit passes through a fixed point of Φ 0,1 and Φ 0,j for some j ∈ {2, 3} then T = 6T 0 .
With the aim of solve numerically this problem, we set boundary value problems (BVPs) associated to (5.1) whose solutions lead to initial conditions which meet (6.1). Our initial conditions are of the form (x 40 , 0, 0, v y40 ) which for brevity we denote as (x 40 , v y40 ).
Boundary Value Problem -T 0 fixed
We establish two different BVPs, in each one of them T 0 is fixed as an multiple of T . For these problems we we will have two unknowns, that is x 40 and v y40 . In the first BVP we set that at the time t = 2pT , p ∈ N, the fourth particle lies on the horizontal axis, we mean (5.1) restricted to y 4 (0) = 0, y 4 (2pT ) = 0, v x4 (0) = 0.
The solutions of (6.2) are defined by the set
In a similar way, at the time t = 2qT the fourth particle has zero horizontal velocity, thus
The solutions of (6.4) are described by
Notice that, in a generic sense, (6.3) and (6.5) define curves in the plane x 40 v y40 . A relevant property of these sets is that for p = q the intersection is conformed by points that satisfy (6.1), we mean, if (x 40 , v y40 ) ∈ C (y,2p) ∩ C (vx,2p) , then (x 40 , 0, 0, v y40 ) gives rise to a periodic orbit.
Boundary Value Problem -T 0 variable
Next, we define a BVP in such a way the characteristic time T 0 ∈ R >0 is unknown. We remark that for this BVP the time T 0 does not need to be an even multiple of T . Thus, we consider (5.1) with the condition y 4 (0) = 0, y 4 (T 0 ) = 0, v x4 (0) = 0, v x4 (T 0 ) = 0.
We define the set of solutions of (6.6) as
The set (6.7) is conformed by curves in the three-dimensional space x 40 v y40 T 0 . The points within C R such that T 0 = 2mT , m ∈ N, define symmetric periodic orbits because the corresponding solutions pass through reversible configurations at times t = 0, T 0 .
Numerical results
In order to compute solutions of the BVPs previously defined, we need a starting solution of the corresponding problem, that we will call a "seed". We obtain the "seeds" by means of solving root finding problems, in the following we explain for C (y,2p) . According to (6.3) we have T 0 = 2pT , for some p ∈ N, and we want to determine unknowns x 40 , v y40 , so that y 4 (T 0 , x 40 , v y40 ) = 0. (6.8)
We need an approximate value of the root (x 40 , v y40 ), namely (x 4 * , v y4 * ). If we fix one of the variables, for instance x 40 = x 4 * , we only need to find v y40 . If (x 4 * , v y4 * ) is a good enough approximation, usually with a Newton's method, we will find a value v y40 such that (6.8) holds. , C (vx,20) in black and gray series, respectively. At the intersection, indicated with a closed dot, a periodic orbit appears. The initial condition of this orbit is shown in Table 1 , 15th row.
Similar root problems can be established for C (vx,2q) and C R . Once we have a "seed", we are able to compute solutions of the corresponding BVP.
In Fig. 3 we show a small part of the sets C (y, 20) , C (vx,20) , and in Fig. 4 we exhibit the projection of C R (computed part) in the plane x 40 v y40 .
From the different BVPs, in the sense of periodicity, C R is the most practical because in this set we only need to identify the orbits in which T 0 is an even multiple of T . In Fig. 4 , first plot from top to bottom, we show one principal branch of C R , which was computed without difficulties because the test particle does not pass close to the primaries. However, in the other plot within Fig. 4 there are initial conditions that lead to orbits where the test particle passes near the primaries at some time. These orbits present numerical difficulties since the equations of motion are not defined at collisions.
We found symmetric periodic orbits with different properties. There are two kinds of orbits (limit cases) for those who the dynamics can be easily explained. For example, for certain small values of both x 40 and v y40 , the massless particle could turn around only one primary at all time, defining a binary system. On the other hand, for x 40 large enough, and adequate v y40 , the orbit of the fourth particle resembles an elliptic orbit (see next Section). Examples of these two limit cases are shown in Fig. 5 . With the exception of the limit cases, in general the orbits present a complicated structure. For instance, there are orbits that in some part the test particle passes very close to the primaries, whereas in other part passes far away of the primaries. This can be appreciated in the orbits shown in Fig. 6 . Notice that, as a consequence of the reversibility, all the periodic orbits computed are symmetric with respect to the horizontal axis.
Two-body approximation
This restricted four-body problem can be approximated by one of two bodies if the test particle is far enough away from those that follow the eight figure choreography. For the approximation we consider a fictitious body with mass m = 3, position r, and velocity v, and the massless body (m 4 = 0) with position r 4 , and velocity v 4 . For these two bodies we consider an elliptic solution. From all the points that conform the ellipse we are interested exclusively in the apocenter and pericenter, since only at these configurations r 4 and v 4 fulfill the reversible configurations described in Section 6. Assuming the origin at the center of mass, so, at the apocenter the state vectors of the two-body problem are given by
where a is the semi-major axis, e the eccentricity, andî, the usual canonical vectors. We are assuming that the origin of the coordinate system is located at the center of mass of the system, and that the semi-major axis goes in the directionî (for the case of the pericenter just replace e Fig. 5 . From left to right, the orbits have period 48T and 12T , respectively. The corresponding initial conditions are given in 9th and 3th rows of Table 1 .
by −e). In our case G = 1, m = 3, m 4 = 0, therefore r = 0, v = 0,
The curve defined by (7.1) resembles the first graph of Fig. 4 . The orbits defined by the twobody problem are periodic. However, in order to fulfill the relation between the orbits in the restricted four-body problem, we only need to consider those whose period is an even multiple of the characteristic time, that is T = 2mT , m ∈ N. With this we obtain the relation (2mT ) 2 = 4 3 π 2 x 3 4 (1 + e) 3 . (7.2)
Notice that (7.1) is invariant under the transformation
which corresponds to a change of the scale of the orbit (homothetic property). It implies that, for a given eccentricity e, the entries x 4 and v y4 are related by a monoparametric family. However, in our case, the scale is fixed because the eight figure orbit has specific initial conditions. Thus, the periodic orbits do not appear in a monoparametric family, only in a discrete way. It is expected that the curve (7.1), for a large distance from the test particle to the primaries, gives rise to good enough approximations of initial conditions of periodic orbits of the restricted four-body problem.
Conclusion
We have introduced a restricted four-body problem, associated to the eight figure choreography, and we showed the existence of a reversing symmetry for the N -body problem with N = 2n + k, where each pair of the 2n bodies have equal masses. With the help of reversing symmetries, we computed a small part of the sets that give rise to symmetric orbits. Fig. 6 . From top to bottom, left to right, the first orbit has period 24T . The posterior orbits have periods 12T , 48T , 12T and 120T , respectively. The corresponding initial conditions are given in 8th, 5th, 1th, 2th and 4th rows of Table 1 .
We approximate the solutions with a two-body problem, when the test particle is far away from the primaries. In principle the same idea could work for orbits in which the test particle surround only one primary. Solutions which pass near collision are interesting, in particular those associated to binary systems. Nevertheless, their numerical study require from the regularization of binary collisions since the test particle passes very close to some of the choreographic bodies.
In the future, this work can be complemented with a more extensive study of symmetric periodic orbits, and its bifurcations.
Another kind of continuation that can be made in this restricted four-body problem is in the mass parameter m 4 , with the aim of connecting orbits of the full gravitational problems of three and four bodies. For instance, it would be interesting to relate the eight figure and Gerver's super eight choreographies. Table 1 . Initial conditions for symmetric periodic orbits in the restricted four-body problem. The orbit passes through reversible configurations at times t = 0, T 0 . Here 12 T is the period of the eight figure choreography, and T the period of the orbit of the restricted four-body problem.
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